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MOTIVATION
Chevalier & Clegg (1985) [henceforth CC85] proposed a model for a steady thermalized hot wind expanding radially
outward from a central starburst. This can be taken as the simplest model for superbubble feedback due to coalescing
supernovae (Sharma et al. 2014), which results in a galactic outflow. One of the crucial problems in galactic outflows is
whether cold clouds can survive in them. Recent plane-parallel wind tunnel simulations (Gronke & Oh 2018) suggest
that this may be possible if the cloud size is sufficiently large. It is important to answer this question in a more realistic
spherical wind. In past, such a spherically expanding wind has been modelled locally as a coordinate expansion (Scan-
napieco 2017; Gronke & Oh 2019). Mathematically, this is analogous to the use of comoving coordinates to account
for Hubble (cosmological) expansion of the Universe. However, these works do not present the evolution equations
explicitly. Moreover, we highlight that, unlike isotropic cosmological expansion, the local coordinate expansion due
to a radial wind is anisotropic occurring only in the angular directions but not radially. The aim of this Note is to
present the governing equations explicitly.
TRANSFORMING FLUID EQUATIONS
Consider a small cuboidal box (of size  r, its radial location) frozen in a steady CC85 wind (see Fig. 1). We
choose local Cartesian coordinates x, y, z along the radial, polar and azimuthal directions respectively. For a wind of
constant speed there is no radial expansion of the box but there is expansion in the orthogonal directions attributable
to the spherical geometry. This orthogonal expansion can be modelled with a time dependent scale parameter.
We use the following transformations between the physical (denoted by tilde) and expanding coordinates
x˜ = x, (1a)
y˜ = a(t)y, (1b)
z˜ = a(t)z, (1c)
t˜ = t, (1d)
where a(t) is the time dependent scale factor that accounts for the orthogonal expansion (with respect to the wind
direction) in a CC85 wind. The scalar fields are chosen to transform as
ρ˜ = a−2ρ, (2a)
p˜ = a−2γp, (2b)
˜ = a−2(γ−1). (2c)
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2Figure 1. A local Cartesian box moving with the CC85 wind only experiences expansion in the directions orthogonal to the
wind.
The fluid field transformation (Eqs. 2) is chosen such that the CC85 wind is adiabatic and the equation of state
ρ = p/(γ − 1) remains the same in both coordinates. The velocity transformations are chosen to be
v˜x = vx, (3a)
v˜y = avy + a˙y, (3b)
v˜z = avz + a˙z, (3c)
which accounts for the anisotropic expansion in the orthogonal directions. We note that the choice of transformations
(Eqs. 1-3) is arbitrary but transformations that simplify the evolution equations are preferred. Eqs. 1 imply that the
partial derivatives transform as
∂
∂x˜
=
∂
∂x
, (4a)
∂
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1
a
∂
∂y
, (4b)
∂
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∂
∂z
, (4c)
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y
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)
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Using these transformations, and in the absence of gravity, the fluid equations in the locally expanding coordinates
become
Mass conservation equation:
∂ρ
∂t
+
∂
∂x
(ρvx) +
∂
∂y
(ρvy) +
∂
∂z
(ρvz) = 0, (5)
Momentum (Euler) equations:
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, (6a)
∂
∂t
(ρvy) +
∂
∂x
(ρvxvy) +
∂
∂y
(ρv2y) +
∂
∂z
(ρvyvz) +
(
2
a˙
a
vy +
a¨
a
y
)
ρ = −a−2γ ∂p
∂y
, (6b)
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Entropy equation: (
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+ vx
∂
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+ vy
∂
∂y
+ vz
∂
∂z
)(
p
ργ
)
= 0. (7)
3The form of the internal energy equation in the frame of the expanding local box is the same as in physical coordinates.
For completeness, the total energy equation is given by
∂
∂t
(
ρv2
2
+
p
γ − 1
)
+∇·
[(
ρv2
2
+
γp
γ − 1
)
v
]
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)
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(v2y+v
2
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a¨ρ
a
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(8)
A CONSTANT VELOCITY WIND
The CC85 wind reaches a constant speed at large radii where ρ˜ ∝ r−2. This allows us to simplify the expression for
the scale factor to
a(t) ≡ r(t)
r0
= 1 +
vwt
r0
, (9)
where vw is the constant wind velocity. The scale factor a(t) is chosen to be unity at the initial location of the local
box (r0) around the cloud and increases linearly with time. For the cloud crushing problem, a blob is initialized at
rest in the lab frame and the cloud-wind interaction is followed in time. For a constant velocity wind, a˙ = vw/r0 and
a¨ = 0 and the transverse momentum (Eqs. 6b & 6c) and the total energy (Eq. 8) equations simplify to
∂
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∂
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CLOUD TRACKING WITH FRAME BOOST
In the previous section we presented a convenient choice of variables and accordingly transformed the governing
equations. However, solving these equations either in the lab frame or in a frame moving with the wind is not
desirable as the cloud, which we want to follow, is initially at rest in the lab frame and eventually moves with the
wind. This is true both in presence and absence of background expansion. Shin et al. (2008); McCourt et al. (2015);
Gronke & Oh (2018, 2019) use a cloud tracking scheme to continually switch to the frame in which the cloud is at
rest and the cloud-wind interaction region remains within the computational domain for a longer time. This method
is only briefly discussed in Shin et al. (2008). We explain the procedure for implementing this frame boost in some
detail here.
At each timestep in the simulation, the computational domain is boosted to follow the cloud. To track the cloud we
set a tracer field value of unity in the cloud and zero in the wind. The tracer is passively advected and we track the
average cloud velocity in the x- (wind) direction,
〈vx〉 =
∫
ρCvxdV∫
ρCdV
, (11)
where the tracer (color) is indicated by the variable C. If the velocity field everywhere is changed to v(r) − 〈vx〉 xˆ
at every timestep, the frame gets boosted to follow the cloud. This procedure implicitly provides the necessary
pseudo-force for transforming to this accelerated frame with a velocity boost of ∆v = −〈vx〉 xˆ = apseudo∆t (∆t is the
computational timestep). Note that there is no need to add an explicit pseudo-force term to the momentum equation.
Another subtlety to note is that the cloud velocity found in this way (Eq. 11) at any timestep is with respect to
the boosted frame in the previous timestep. To obtain the velocity in the lab frame, one must add up all the velocity
boosts till the current timestep. Similarly, the radial position of the cloud in the lab frame can be obtained by summing
up the contributions from each timestep.
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